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Problem One: Logic and Algebra
There are many parallels between propositional logic and arithmetic.

• The ∨ connective behaves somewhat like addition: a ∨ b is similar to a + b.

• The ∧ connective behaves somewhat like multiplication: a ∧ b is similar to ab.

• The → connective behaves somewhat like exponentiation: a → b is similar to ba.

For example, the number ab + ca is similar to the propositional logic formula (a ∧ b) ∨ (a → c). 

i. In  arithmetic,  multiplication  distributes over  addition:  a(b +  c)  =  ab +  ac.  Write  the
quantities a(b + c) and ab + ac as analogous propositional logic formulas over variables a, b,
and c, then determine whether those formulas are equivalent.

ii. When working with exponentiation, the value of (ab)c is the same as the value of abc. Rewrite
the quantities (ab)c and abc as analogous propositional logic formulas over the variables a, b,
and c, then determine whether those formulas are equivalent.

iii. In propositional  logic,  ∨ distributes over ∧: the formula  a ∨ (b ∧  c) is  equivalent to the
formula (a ∧ b) ∨ (a ∧ c). Rewrite these formulas as analogous algebraic quantities using the
connections described above, then determine whether those quantities are equivalent.

Problem Two: Translating into Logic
i. Given the predicate  Person(x), which states that  x is a person, and Muggle(x), which states

that x is a muggle, write a statement in first-order logic that says “some (but not all) people
are muggles.”

ii. Given the predicate Person(x), which states that x is a person, and Ruler(x), which states that
x is a ruler, write a statement in first-order logic that says “there is at most one ruler.”

Problem Three: Complements and Connectivity
Given an undirected graph G = (V, E), the complement of G, denoted Gc, is the graph (V, Ec), where
Ec is the set { {u, v} | u, v ∈ V and {u, v} ∉ E }.

i. Describe, intuitively, the relation between G and Gc.

An undirected graph G = (V, E) is called connected if every pair of nodes in V are connected. An
undirected graph is called disconnected if it's not connected.

ii. Prove that if G is an arbitrary undirected graph, then at least one of G and Gc is connected.


